We study the scaling properties of the static quark potential and the ratio of the critical temperature T c to the square root of the string tension σ in the SU(3) pure gauge theory using a renormalization group improved action. We first determine the critical coupling β c on lattices with temporal extension N t = 3, 4, and 6, and then calculate the static quark potential at the critical couplings on lattices at zero temperature. We note that the static quark potentials obtained are rotationally invariant with errors of at most 1 -2 % in all the three cases, and that the potential V (R) in physical units scales in the whole region of R investigated. The values of T c / √ σ for the three cases in the infinite volume limit are identical within errors. We estimate the value in the continuum limit to be T c / √ σ = 0.656(4), which is slightly larger than the value in the continuum limit from the one-plaquette action, 0.629(3).
Introduction
In numerical studies of lattice QCD, it is important to control and reduce finite lattice spacing effects. Several improved actions have been proposed for this purpose and some of them have been tested for the scaling behavior of the critical temperature T c of the finite temperature deconfining transition [1, 2, 3, 4, 5] .
In this work we study the scaling properties of the static quark potential and the ratio of the critical temperature to the square root of the string tension σ, T c / √ σ, in the SU(3) pure gauge theory, using a renormalization group (RG) improved action [6] :
{c 0 (1 × 1 loop) + c 1 (1 × 2 loop)}
with c 1 = −0.331 and c 0 = 1 − 8c 1 , where β = 6/g 2 (g is the gauge coupling). In Eq.(1), the loops are defined by the trace of ordered product of link variables and each oriented loop appears once in the sum. This paper is organized as follows. First we determine the critical coupling β c 's for the finite temperature deconfining phase transition on 9 3 × 3, 12 3 × 4 and 18 3 ×6 lattices in Sec. 2. We also perform simulations on 12 3 ×3, 15 3 ×3, 16
3 × 4, and 20 3 × 4 lattices for a finite size scaling study. Then the quark potentials at the three β c 's are calculated from smeared Wilson loops on 9 3 × 18, 12 3 × 24 and 18 3 × 36 lattices, respectively, in Sec. 3. The string tension is extracted from the quark potential assuming that the potential takes a form of a sum of a Coulomb term and a linearly rising potential. In Sec. 4, scaling behavior of the quark potential and that of the ratio T c / √ σ are examined. Finally, the value of the ratio T c / √ σ in the continuum limit and in the infinite volume limit is estimated.
Critical coupling β c
In order to determine the critical coupling β c for the finite temperature phase transition, we perform simulations on 9 3 × 3, 12 3 × 4 and 18 3 × 6 lattices. The critical temperature T c is given by T c = 1/(aN t ), where N t is the linear extension of the lattice in the temporal direction and a is the lattice spacing at the critical coupling. Note that the physical spatial volumes are identical for all the three cases, (N s a) 3 = (3N t a) 3 = (3/T c ) 3 , where N s is the linear extension of the lattice in the spatial direction.
We also perform simulations on lattices with different spatial volumes for an estimation of the infinite volume limit of β c using finite size scaling analyses. The previous results for the case of the standard one-plaquette action on spatially large lattices [7, 8] indicate that extrapolations from small lattices with the aspect ratio N s /N t ≤ 3 result in sizable systematic errors in the values of β c in the infinite volume limit. Therefore, we restrict ourselves to lattices N s /N t ≥ 3 in this paper. We perform simulations on 12 3 × 3, 15
3 × 3, 16 3 × 4, and 20 3 × 4 lattices for finite size analyses. We reserve finite size study of N t = 6 lattices for future investigation.
Gauge fields are updated by a Cabibbo-Marinari-Okawa pseudo heat bath algorithm with 8 hits both for the simulations at finite temperatures and at zero temperature discussed in the next section. The simulation parameters are compiled in Table 1 . We measure Wilson loops and Polyakov line every 10 sweeps. Their expectation values are summarized in Tables 2 -8. (For  the deconfinement fraction, see below.) The values of the critical coupling β c are determined as the peak location of the susceptibility χ of the Z(3) rotated Polyakov line Ω:
where P is the spatially averaged timelike Polyakov line
The results of the susceptibility calculated using the spectral density method [9] on the 9 3 × 3, 12 3 × 4, and 18 3 × 6 lattices are shown in Fig. 1 . The results obtained at several simulation points are consistent with each other within the errors and form a clear peak structure. The value of β c is determined from the data at the β which is the closest to β c . The errors are estimated using a single-elimination jack knife method. The bin size in the jack knife method is determined by investigating the bin size dependence of the errors of Ω, shown in Fig. 2 . We note that the jack-knife errors of β c 's are stable for the bin size larger than those adopted, as shown in Fig. 3 . The values of β c 's and their jack-knife errors are summarized in Table 9 .
There are several alternative definitions of β c on finite lattices. A popular method is to measure the "deconfinement fraction" r given by r = (3p − 1)/2 where p is the probability such that arg P ∈ (−π/9, π/9), (2π/3−π/9, 2π/3+ π/9), or (−2π/3 − π/9, −2π/3 + π/9), and to define β c as a point where r takes a given value. Our results of r as a function of β for the case of the aspect ratio N s /N t = 3 are shown in Fig. 4 . See also Tables 2-9. We find that the deconfinement fraction r is approximately 0.75 at β c determined from the peak location of the susceptibility, as summarized in Table 9 . We note that this fact for the deconfinement fraction is also realized in data [8] obtained for the standard one-plaquette action on large lattices with high statistics (see Table 10 ). The condition r = 3/4 is the criterion taken in Ref. [10] for the determination of β c . (See also the discussions in Refs. [11, 12] .) However, the volume dependence of the corrections of β c to the infinite volume limit is not known in this case.
1 On the other hand, a scaling relation is well established for the β c determined from the peak location of the susceptibility. Therefore, we concentrate on β c determined from the peak location of the susceptibility for finite size scaling analyses.
In the following, we denote the β c on the 9 3 × 3, 12 3 × 4, and 18 3 × 6 lattices as β c (9 3 × 3), β c (12 3 × 4), and β c (18 3 × 6), respectively.
1 The value r = 3/4 corresponds to the case that the four peaks of the histogram of P in the complex plane have the same volume fraction [12] , assuming uniformity of the distribution in terms of arg P in the confining phase. For the q-state Potts models with large q, the value of β c which corresponds to the case where (q + 1) peaks have the same volume fraction is shown to yield the correct infinite volume value of β c up to exponentially suppressed corrections [13] . However, in the SU(3) gauge theory, uniformity of distribution in terms of arg P in the confining phase is not well satisfied. Therefore, r = 3/4 does not strictly correspond to the case of equal weight of four peaks. Thus, in contrast to the case of β c from the peak location of the susceptibility, no rigorous scaling relation is known for the β c determined from the deconfinement fraction. In practice, when we adopt β c determined from r = 3/4 and assume either a linear volume dependence or an exponential volume dependence, we obtain a result for T c / √ σ in the continuum limit which agrees, within errors, with that derived in the text using β c from the peak location of the susceptibility.
String tension
We evaluate the string tensions at β = β c (9 3 ×3), β c (12 3 ×4), and β c (18 3 ×6) on lattices at zero temperature: 9 3 × 18, 12 3 × 24, and 18 3 × 36 lattices, respectively. Note that the spatial sizes of the lattice are the same as those for the finite temperature simulations in all the three cases. The ratio N t /N s is also fixed to 2. The simulation parameters are summarized in Table 11 . After thermalization sweeps, we measure Wilson loops every 200 sweeps. The spatial paths of the loops are formed by connecting one of the spatial vectors shown in Fig. 5 .
In order to extract the ground state contribution to the potential, we adopt the smearing technique proposed in Ref. [14] : Each spatial link U is replaced with an SU(3) matrix U new which maximizes ReTr [F U new ], with F being the sum of the spatial staple products of link variables around U. We perform this procedure up to 10, 30 and 40 steps on the 9 3 × 18, 12 3 × 24 and 18 3 × 36 lattices, respectively. Measurements are carried out every smearing step on the 9 3 × 18 and every 2 smearing steps on the other lattices. With this smoothing procedure the behavior of the effective mass
in terms of T is much improved, especially for large R as shown in Fig. 6 . In the following, we discuss separately the results of the potential V (R) at β c for N t = 4 and 6, and that for N t = 3, because in the former case we are able to extract the coefficient of the Coulomb term by a straightforward fitting procedure with examining the stability of the fit, while in the latter case it is hard to fix it solely from the data due to a small number of the data points caused by the coarseness of the lattice at β c (9 3 × 3) (see discussions below).
Results at β c (12
The potential V (R) and the overlap function C(R) are extracted by a fully correlated fit of Wilson loops to the form
The fitting range is determined by examining carefully χ 2 /df and stability of V (R) against the smearing step. Fig. 7 shows the results of χ 2 /df and V (R) versus the smearing step at R = 4.0 for the case of β c (12 3 × 4). When we take the fitting range T = 3 − 5, we find that χ 2 /df < ∼ 1 and V (R) is quite stable after four smearing steps, while the choice of the fitting range T = 2 − 4 leads to χ 2 /df much larger than 1 and a significant variation of V (R) against the smearing step. We find that the choice of the fitting range T = 3 − 5 leads to reasonable χ 2 /df and stability of V (R) against the smearing step for all R except 2 √ 6 (where χ 2 /df takes a little large value ∼ 2.5, though the stability is satisfied). This stability implies that the contamination from excited states is negligible small. Therefore, we take the fitting range T = 3 − 5 for the data at β c (12
is determined in a similar way. We determine the optimum number of smearing steps for each R in such a way that C(R) takes the largest value under the condition C(R) ≤ 1 which we call the "optimum smearing step". We note that χ 2 /df is stable ( < ∼ 1) against a variation of the smearing step when C(R) ≃ 1. The optimum smearing steps thus determined are about 8 at β c (12 3 ×4), and are distributed from 12 to 40 at β c (18 3 × 6) (see Tables 12 and 13) . 2 We take the value of V (R) at the optimum smearing step. The systematic error due to the choice of the smearing step is much smaller than the statistical error, because the value of V (R) is stable against the smearing step as mentioned above, and therefore we neglect it in the following.
The values for V (R) are summarized in Tables 12 and 13 . Statistical errors are estimated by the jack-knife method with bin size 1. Note that measurements are performed every 200 sweeps. We confirm that the errors are quite stable against the bin size.
The string tension is determined by fitting V (R) to the rotationally invariant ansatz
where σ lat = σa 2 is the string tension in lattice units. We take into account the correlations among V (R) at different R using the error matrix derived from those for W (R, T ). The fitting ranges we take are
These ranges (R min -R max ) are determined by investigating the stability of fits and the value of χ 2 /df as explained in the following. As we increase R min , instability of the fit first appears in the result of α, while the results of V 0 and σ lat are stable. The error of α becomes abruptly large as R min increases: e.g. at β c (12 3 × 4) with R max = 4 √ 2 fixed, α = 0.332(11), 0.295 (14), 0.154(101), and -0.040(121) for R min = √ 5, √ 6, 2 √ 2, and 3.0, respectively. Therefore, we restrict candidates for R min to those for which the error of α is less than 50% of the central value. We find that χ 2 /df is stable and
] which we take as the candidates for R max . The fitting range is determined by the condition that χ 2 /df takes a value nearest to 1 in all the combinations of the candidates for R min and R max . The values of χ 2 /df are 1.5 and 1.2 at β c (12 3 × 4) and β c (18 3 × 6), respectively, for the R min and R max adopted. We have checked that the results of α and σ lat are stable for all candidates of (R min , R max ) which satisfy
Note that the changes of the fitting ranges of R at these two β's are consistent with the change of the scale between β = β c (12 3 ×4) and β c (18 3 ×6), that is, the ratio of 4 to 6.
The results of V 0 , α, σ lat , and their jack knife errors are summarized in Table 14 . The values of V (R) are plotted in Fig. 8 , where different symbols correspond to different units of spatial path of Wilson loops. The values of V (R) obtained from six types of Wilson loops are excellently fitted to the rotationally invariant form, Eq. (7). The deviations of the data at β c (12 3 × 4) from the fitted curve are less than 2% and the average of them is about 0.4%. For the data at β c (18 3 × 6), the deviations are at most 1% with the average about 0.3%.
We note that the results of α are consistent with a constant within the errors. The resulting α ≃ 0.296 is slightly larger than π/12 ≃ 0.262 derived in a string model [15] . We also perform fits with the value of α fixed to π/12. Then the values obtained are σ lat = 0.1527 (14) and 0.0667(6) at β c (12 3 × 4) and β c (18 3 × 6), respectively. The values for the ratio T c / √ σ using these results are consistent with our final results using the values in Table 14 within one standard deviation.
Results at
We obtain the potential V (R) at β c (9 3 × 3) by fitting W (R, T ) to the form Eq.(6) with the fitting range T = 2 − 4 . The fits with this fitting range have desirable properties similar to those at the other two β c 's discussed in the preceding subsection; reasonable χ 2 /df and stability of V (R) against the smearing step.
When we make a fit of the potential to the form Eq. (7), we find that the R min dependence of α is stronger than the cases discussed in the previous subsection, while the fits are quite stable against R max like in the previous cases. This is due to the fact that we have only small number of data points at small R caused by the coarseness of the lattices at β c (9 3 × 3). Therefore a small deviation from the rotational invariance at R = R min sometimes affects the value of α sizable. As a result, we are not able to find an R min region for which α is stable.
Therefore, we perform two kinds of fits at β = β c (9 3 × 3): In the first fit, we fix the value of α to the average value 0.296 of those at the other two β c 's which are constant within the errors. We set the fit range to be R = 2 − 2 √ 5 so that the physical R range is consistent with the ranges at β c (12 3 ×4) and β c (18 3 ×6). As shown in Fig. 9 , the fit well reproduces the data even at R < R min . In the other fit, we perform fit without fixing the value of α, for the ranges R min = √ 2, √ 3, and 2 and R max = 2 √ 5. These values of R min in physical units correspond to those at the other two β c 's for which the stability of α is observed.
We take the results of the former fit with α fixed as the central values of σ lat and V 0 . The statistical errors are obtained by the jackknife method with bin size 1. We then take the upper bounds and lower bounds of V 0 and σ lat obtained by the fits α unfixed, as systematic errors. The results of V 0 and σ lat with the errors are given in Table 16 . The potential data are shown in Fig. 9 together with its fit curve (α fixed to 0.296). The deviations from the fit are at most 2% and the average of them is about 0.5%, which indicates that the rotational invariance is well restored even at this small value of β.
We also perform a fit with α fixed to π/12 to find σ lat = 0.2607 (16) .
The ratio T c / √ σ using this result is consistent with our final result using the value in Table 16 within the errors.
Scaling properties
In Fig. 10 , the values of V phys /T c are shown as a function of Ra · T c , where V phys = V /a is the potential in physical units. We note that the data on all the lattices are in excellent agreement in the whole Ra·T c region. This implies scaling of our potential data in the range of β values investigated. It might be emphasized again that the deviation of the data from the rotationally invariant fit is at most 2 % for the N t = 3 and 4 cases and 1 % for the N t = 6 case.
Using the results presented in the preceding section, we obtain the values of T c / √ σ on the lattices with finite spatial volume 9 3 , 12 3 , and 18 3 , which equal to (3/T c ) 3 ≈ (2.2fm) 3 in physical units: (5) (N t = 4) 0.651 (6) (N t = 6) .
The number in the first brackets is the statistical error and the second one for N t = 3 is the systematic error due to uncertainty of the fitting range. In order to estimate the values of T c / √ σ in the infinite volume limit, we first obtain finite size scaling relations [7, 8] 
and
from the data of β c on the N s /N t = 3, 4, and 5 lattices (see Fig. 11 ). We note that the slopes of
s in the two relations are independent of N t within the errors, as observed previously in the case of the standard one-plaquette action [8] . Therefore, we assume the relation (12) also for N t = 6. Then we have
2.1551(12) (N t = 3) 2.2879(11) (N t = 4) 2.5206(30) (N t = 6) .
(13)
The values of the string tension at β c (N t , ∞) are estimated assuming an exponential scaling of √ σ lat in terms of β [16] . We obtain
by fitting the values of σ lat at β c (9 3 × 3), β c (12 3 × 4), and β c (18 3 × 6) as shown in Fig. 12 . This relation is used to compute the shifts in σ lat from the values at β c (N t , N Tables 14  and 16 : (25)(6) (N t = 4) 0.0644 (12)(7) (N t = 6) .
The number in the first brackets is the statistical error, the second one is the error due to the error in the values of β c (N t , ∞), and the third one for N t = 3 is the systematic error due to uncertainty of the fitting range. Finally, we obtain (1) (N t = 4) 0.657(6) (4) (N t = 6) .
The origins of the errors are the same as in Eq. (15) . Our three values are consistent with a constant within the errors. A weighted average of the values given in Eq. (16) gives
in the continuum limit. Using the experimental value σ = σ lat /a 2 = (420MeV) 2 , we obtain a ≈ 0.23, 0.18, and 0.12 fm at β c for N t = 3, 4, and 6, respectively. Thus the scaling behavior for the ratio T c / √ σ starts at least around a ≈ 0.23fm with the RG improved gauge action. From Eq. (17) we also obtain T c ≈ 276(2)MeV.
Our results (16) are shown in Fig. 13 together with the results using other actions [4, 16] . Our result T c / √ σ = 0.656(4) in the continuum limit is slightly larger than the value with the standard action 0.629(3) [16] . We also compare our results with those derived from the torelon mass µ(L) which is calculated from Polyakov line correlators on a lattice of spatial size L. Defining σ(L) = µ(L)/L, we extrapolate the values of T c / σ(L) to the continuum limit. Then the value of T c / √ σ is estimated assuming the relation σ = σ(L)+π/(3L 2 ) derived in a string model [17] . (We neglect the corrections due to the shift β c (V = ∞) − β c (V = N 3 s ).) For a fixed point action [2] , we obtain T c / √ σ = 0.617(5) using the data for N t = 2, 3 and 4 with N s = 2N t . The result is about 6% smaller than our result (17) . For a tadpole-improved Symanzik action [3] , we obtain T c / √ σ = 0.649(5) using the data for N t = 3 and 4 with N s = 2N t . The result is consistent with our result.
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